Abstract. In this note, by using the Yang-Mills-Higgs flow, we show that semistable Higgs bundles with vanishing the first and second Chern numbers over compact Käher manifolds must admit a filtration whose quotients are Hermitian flat Higgs bundles.
Introduction
Let (X, ω) be an n-dimensional compact Kähler manifold, where ω is the Kähler form. A Higgs bundle (E, ∂ E , φ) over X is a holomorphic bundle (E, ∂ E ) coupled with a Higgs field φ ∈ Ω 1,0 X (End(E)) such that ∂ E φ = 0 and φ ∧ φ = 0. Higgs bundle was introduced by Hitchin ( [4] ) in his study of the self-duality equations on a Riemann surface. It has rich structures and plays a role in many areas including gauge theory, Kähler and hyperkähler geometry, group representations and nonabelian Hodge theory ( [11] , [12] ). Given a coherent sheaf F on X, the ω-slope µ ω (F) of F is defined by µ ω (F) = deg ω (F) rankF = 1 rankF X c 1 (F) ∧ ω n−1 (n − 1)! .
A Higgs bundle (E, ∂ E , φ) over X is ω-stable(resp. ω-semistable) if µ ω (F) < µ ω (E)(resp. µ ω (F) ≤ µ ω (E)) for every proper φ-invariant coherent subsheaf F of E. When the Kähler form ω is understood, we shall sometimes refer to (E, ∂ E , φ) simply stable or semistable, and we will also omit subscripts and write µ(E). Given a Hermitian metric H on a Higgs bundle (E, ∂ E , φ), we can consider the HitchinSimpson connection ( [11, 12] )
where D H,∂ E is the Chern connection with respect to the metric H and the holomorphic structure ∂ E , and φ * H is the adjoint of φ with respect to the metric H. The curvature of the HitchinSimpson connection is
where Λ ω denotes the contraction of differential forms by Kähler form ω, and the real constant λ is given by λ = 2π V ol(X) µ(E). In [4] and [11] , it is proved that a Higgs bundle admits HermitianEinstein metric iff it's Higgs poly-stable. This is a Higgs bundle version of the DonaldsonUhlenbeck-Yau theorem. By Chern-Weil theory, we have
(1.1)
From the above formula, it is easy to see that a stable Higgs bundle (E, ∂ E , φ) with
We say a Higgs bundle (E, ∂ E , φ) admits an approximate Hermitian-Einstein structure if for every positive ǫ, there is a Hermitian metric H ǫ such that
In [1] , Bruzzo and Graña Otero proved that a Higgs bundle admitting an approximate HermitianEinstein structure must be semi-stable. The converse implication was proved in [2] when dim X = 1, and in [8] for arbitrary dimension. So we know that, in Higgs bundles, admitting an approximate Hermitian-Einstein structure and the semi-stability are equivalent.
In the projective case, Simpson (Theorem 2 in [12] ) proved that a semi-stable Higgs bundle (E, ∂ E , φ) with c 1 (E)·[ω] n−1 = 0, ch 2 (E)·[ω] n−2 = 0 must admit a filtration whose quotients are Hermitian flat Higgs bundles (rather than stable Higgs sheaves). In this paper, we generalize the above result to Kähler case. Simpson's proof essentially depends on Mehta and Ramanathan's result (Theorem 4.3 in [10] ) that the restriction of a semistable holomorphic vector bundle to general hyperplane sections of certain arbitrarily high degrees is semistable. Since Mehta and Ramanathan's result is valid only when X is a smooth projective variety, Simpson's argument can not be generalized to general Kähler case directly. In this paper, we use the Yang-Mills-Higgs flow to study this problem. We prove that: Theorem 1.1. Let (X, ω) be a compact Kähler manifold and E = (E, ∂ E , φ) be a Higgs bundle over X. E is Higgs semi-stable with This paper is organized as follows. In section 2, we recall some basic notions for Higgs bundles including some basic results of the Donaldson heat flow and the Yang-Mills-Higgs flow. In section 3, we give a proof of Theorem 1.1.
Preliminaries
Let (X, ω) be an n-dimensional compact Kähler manifold, where ω is the Kähler form. A Higgs vector bundle (E, ∂ E , φ) is called Higgs approximate Hermitian flat, if for every ǫ > 0, there exists a Hermitian metric H ǫ , such that
Let S be a φ-invariant holomorphic sub-bundle of (E, ∂ E , φ). Consider the exact sequence of Higgs bundles:
where Q is the quotient E/S, φ S and φ Q are the induced Higgs fields. Given a Hermitian metric on E, we have the following exact sequence:
From the above, we have the bundle isomorphism on X:
Then the pull-back metric, holomorphic structure and Higgs field on S ⊕ Q are
is the second fundamental form and ζ ∈ Ω 1,0
We have the following Gauss-Codazzi equation for the Hitchin-Simpson's curvature: 
For every ǫ > 0, let H S,ǫ and H Q,ǫ be Hermitian metrics on S and Q respectively, such that sup
For small ρ > 0, we set a Hermitian metric on E by H ǫ,ρ = (f −1 ) * H ǫ,ρ , where
The pull-back holomorphic structure and Higgs field on S ⊕ Q can be written as:
We set γ * ρ = γ * Hǫ,ρ and ζ * ρ = ζ * Hǫ,ρ . A simple calculation implies γ * ρ = ρ 2 γ * 1 and
and
For every ǫ > 0, we can choose ρ small enough, such that sup
The following proposition can be seen as a conclusion of the Proposition 3.10. in [1] . Here, we give a proof in detail for reader's convenience. Proposition 2.2. Let (E, ∂ E , φ) be a Higgs approximate Hermitian flat vector bundle over a compact Kähler manifold (X, ω). If s is a nontrivial φ-invariant holomorphic section of E, then s has no zeros.
Proof. Since s is a φ-invariant, so we have φ(s) = η ⊗ s, where η is a (1, 0)-form. Let us choose a local complex coordinates {z i } n i=1 . We can write φ, η as φ = φ i dz i , η = η i dz i , where
where
For ∀ǫ > 0, there exists a hermitian metric H ǫ such that sup X |F Hǫ,∂ E ,φ | < ǫ.
Consider the (1, 1) current
By (2.3) and direct calculation, we have 
This implies T ǫ ⇀ 0 (subsequently) weakly in current sense. If s(x) = 0 at some point x ∈ X, the Lelong number ν(T ǫ , x) ≥ 1. Thus by [13] , the Lelong number of weak limit T = lim T ǫ satisfies ν(T, x) ≥ 1. This gives a contradiction. So the nontrivial φ-invariant section s has no zeros.
Given a Hermtian metric H 0 on Higgs bundle (E, ∂ E , φ) over Kähler manifold (X, ω), one can evolve the Hermitian metric by the following Donaldson's heat flow:
In [11] , Simpson proved the global existence of the above heat flow and showed the convergence under the condition that the Higgs bundle is stable. Without the assumption of the stability, the above flow (2.5) may not converge at infinity. When the Higgs bundle (E, ∂ E , φ) is semistable, in [8] , the authors studied the asymptotic properties of the above flow and proved the existence of approximate Hermitian-Einstein metric structure. In fact, they proved that: Proposition 2.3. ((3.14) in [8] ) Let H(t) be a solution of the Donaldson's heat flow (2.5) on Higgs bundle (E, ∂ E , φ). If (E, ∂ E , φ) is Higgs semi-stable, then (2.6)
Fixing a Hermitian metric H 0 on the bundle E, we consider the Higgs structures from the Gauge theory. Let The Yang-Mills-Higgs functional is defined on the space of Higgs pairs B E,H 0 by
We consider the gradient heat flow of the above functional, i.e. the following Yang-Mills-Higgs flow (2.9)
The global existence and uniqueness of the solution for the above gradient flow had been proved in [7] (also in [14] ). In fact, given any initial Higgs pair (A 0 , φ 0 ), the Yang-Mills-Higgs flow has a unique solution (A(t), φ(t)) in the complex gauge orbit of (A 0 , φ 0 ), i.e. (A(t), φ(t)) = g(t)(A 0 , φ 0 ), where g(t) * H 0 g(t) = H −1 0 H(t), g(t) ∈ G C and H(t) is the solution of (2.5) on Higgs bundle (E, ∂ A 0 , φ 0 ) with initial data H 0 . Here G C is the complex gauge group, and it acts on the space of Higgs pair B (E,H 0 ) as following: let σ ∈ G C ,
By the definitions, the Yang-Mills-Higgs flow (2.9) is evolve Higgs pairs on a fixed Hermitian bundle (E, H 0 ) and the Donaldson's heat flow (2.5) is evolve Hermitian metrics on a fixed Higgs bundle (E, ∂ E , φ). From the above, we know that these two heat flows are equivalent modulating a sequence of complex gauge transformations.
Let H(t) be the solution of the Donaldson's heat flow (2.5) on the Higgs bundle (E, ∂ E , φ 0 ) with initial metric H 0 , and (A(t), φ(t)) be the solution of the Yang-Mills-Higgs flow (2.9) on the Hermitian bundle (E, H 0 ) with initial data (A 0 , φ 0 ), where A 0 = D (E,∂ E ,H 0 ) . It is easy to check the following relations: 12) and (2.14) and the uniform C 0 bound of φ (Lemma 2.3 in [7] )
where constants C i depend only on the geometry of (X, ω) and the initial data (A 0 , φ 0 ). We also have the Bochner type inequality ((2.12) in [7] )
where C(n) is a constant depending only on the dimension of X. In the following, we denote
H 0 , and
for any fixed point (x 0 , t 0 ) ∈ X × R + . ǫ-regularity theorem is important in studying the asymptotic behavior of the Yang-Mills flow ( [5] ). For the Yang-Mills-Higgs flow (2.9), we have the following ǫ-regularity theorem. (Theorem 3.1 in [7] for Kähler surface case, Theorem 2.6. in [9] and Theorem 4 in for higher dimensional case. ) Proposition 2.4. (ǫ-regularity theorem) Let (A(t), φ(t)) be a smooth solution of (2.9) over an n-dimensional compact Kähler manifold (X, ω) with initial value (A 0 , φ 0 ). There exist positive constants ǫ 0 , δ 0 < 1/4, such that, if for some 0 < R < min{i X ,
e(A(t), φ(t))dV g dt ≤ ǫ 0 holds, then for any δ ∈ (0, δ 0 ), we have (2.17) sup
e(A(t), φ(t)) ≤ 16(δR) −4 , and (2.18) sup
where C 4 is a constant depending on the geometry of (X, ω), the initial data (A 0 , φ 0 ), δ 0 and R.
3. Proof of theorem 1.1
In this section, we give the detailed proof of Theorem 1.1.
Proof. The sufficiency is obviously from Prop 2.1. Here we only need to prove the necessity, i.e. there is a filtration of E by φ-invariant subbundles
such that every quotient Q i = E i /E i−1 is Higgs Hermitian flat.
Let H(t) be the solution of (2.5) on the Higgs bundle (E, ∂ E , φ 0 ) with initial metric H 0 , and (A(t), φ(t)) be the solution of (2.9) on the Hermitian bundle (E, H 0 ) with initial data (A 0 , φ 0 ), where A 0 = D (E,∂ E ,H 0 ) . We divide the following proof into three steps.
Step 1: First, we use the ǫ-regularity theorem (Prop. 2.4) to prove that a semistable Higgs bundle with c 1 (E) · [ω] n−1 = 0, ch 2 (E) · [ω] n−2 = 0 is approximate Higgs Hermitian flat.
From the Chern-Weil theory (1.1), we have YMH(A(t), φ(t)) =
Step 
